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Abstract
Let .h ; i; J1/ and .h ; i; J2/ denote two Hermitian structures on a 2n-dimensional Euclidean
space .V ; h ; i/. If n is even and J1;J2 have opposite orientations, then there exist non-zero
vectors v;w 2 V such that J1.v/ D J2.v/ and J1.w/ D −J2.w/. If n is odd and J1; J2 have
the same orientation (resp. opposite orientation), then there exists a non-zero vector v 2 V
such that J1.v/ D J2.v/ (resp. J1.v/ D −J2.v/). © 1999 Elsevier Science Inc. All rights
reserved.
AMS classification: 15A04; 15A57
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1. Introduction
Let V be a 2n-dimensional real vector space. A complex structure on V is a linear
endomorphism J of V such that J 2 D −I , where I denotes the identity transformation
of V. A basis fe1; : : : ; e2ng of V is said to be adapted to J if J .e2i−1/ D e2i for
i D 1; : : : ; n. It is well known [1] that any two bases adapted to the same complex
structure J will define the same orientation for V. This orientation will be called the
orientation of J. Now suppose that V is a Euclidean space with inner product h ; i.
An Hermitian structure is a pair .h ; i; J / such that J is a complex structure on V
satisfying hJX; JY i D hX;Y i for all X;Y 2 V .
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The purpose of this paper is to prove the following theorem:
Theorem 1. Let V be a 2n-dimensional Euclidean space (n > 1) with inner product
h ; i and let .h ; i; J1/ and .h ; i; J2/ be two Hermitian structures on V.
(i) If n is even and J1; J2 have opposite orientations, then there exist non-zero
vectors v and w such that J1.v/ D J2.v/ and J1.w/ D −J2.w/.
(ii) If n is odd and J1; J2 have the same orientation, then there exist non-zero
vectors v such that J1.v/ D J2.v/.
(iii) If n is odd and J1; J2 have opposite orientations, then there exists a non-zero
vector w 2 V such that J1.w/ D −J2.w/.
If J1.v/ D J2.v/, then J1.X/ D J2.X/ for all X 2 spanfv; J1.v/g. Similarly, if
J1.w/ D −J2.w/, then J1.Y / D −J2.Y / for all Y 2 spanfw; J1.w/g. Hence The-
orem 1 can be restated in the following form:
Theorem 10. Let V be a 2n-dimensional Euclidean space with inner product h ; i and
let .h ; i; J1/ and .h ; i; J2/ be two Hermitian structures on V.
(i) If n is even and J1; J2 have opposite orientations, then V D V1  V2 W ,
where V1; V2; and W are pairwise orthogonal subspaces of V invariant under
J1 and J2 such that dimRV1 = dimRV2 = 2 and
J1jV1 D J2jV1; J1jV2 D −J2jV2 :
(ii) If n is odd and J1; J2 have the same orientation, then V D V1 W , where
V1, and W are orthogonal subspaces of V invariant under J1 and J2 such that
dimRV1 = 2 and
J1jV1 D J2jV1 :
(iii) If n is odd and J1; J2 have opposite orientations, then V D V1 W , where
V1, and W are orthogonal subspaces of V invariant under J1 and J2 such that
dimRV1 = 2 and
J1jV1 D −J2jV1 :
2. Proof of Theorem 1
Let e1 be a unit vector in V. Set J1.e1/ D e2. If J2.e1/ 6D e2, we can write
J2.e1/ D 1e2 C 1e3, where e3 is a unit vector orthogonal to e1 and e2 and where
21 C 21 D 1. If on the other hand, J2.e1/ D e2, then we write J2.e1/ D 1e2 C
1e3 where 1 D 0; e3 is an arbitrary unit vector orthogonal to e1 and e2, and where
21 C 21 D 21 D 1. Now set J1.e3/ D e4. Then
J2.−1e2 C 1e3/ D 2e4 C 2e5;
where 22 C 22 D 1, and where e5 is a unit vector orthogonal to
spanfe1; e2; e3; e4g:
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Continuing in this manner and setting 0 D 0; 0 D 1; we obtain the relations:
J1.e2n−3/ D e2n−2;
J2.−n−2e2n−4 C n−2e2n−3/ D n−1e2n−2 C n−1e2n−1;
J1.e2n−1/ D e2n:
Then J2.−n−1e2n−2 C n−1e2n−1/ is perpendicular to
spanfe1; e2; : : : ; e2n−1g
and hence
J2.−n−1e2n−2 C n−1e2n−1/ D "e2n;
where " D 1. In addition, note that
2k C 2k D 1; k D 1; : : : ; n− 1:
Now we set
u1 D e1;
u2k D ke2k C ke2kC1; k D 1; : : : ; n− 1; (2.1)
u2kC1 D −ke2k C ke2kC1; k D 1; : : : ; n − 1;
u2n D "e2n:
Now since J1.e2k−1/ D e2k and J2.u2k−1/ D u2k for k D 1; : : : ; n, we have that
fe1; : : : ; e2ng and fu1; : : : ; u2ng are orthonormal adapted bases for J1 and J2, re-
spectively. Therefore J1 and J2 have the same orientation or opposite orientation
according to whether " D 1 or " D −1, respectively. It follows from Eqs. (2.1) that
e1 D u1;
e2k D ku2k − ke2kC1; k D 1; : : : ; n− 1; (2.2)
e2kC1 D ku2k C ku2kC1; k D 1; : : : ; n− 1;
e2n D "u2n:
By Eqs. (2.1) and (2.2) we have
J2.e1/ D 1e2 C 1e3;
J2.e2/ D J2.1u2 − 1u3/ D −1u1 − 1u4;
or equivalently,
J2.e2/ D −1e1 − 1.2e4 − 2e5/ D −1e1 − 21e4 − 12e5:
Continuing in like manner and setting 0 D 1; 0 D 0; n D "; and n D 0 we obtain
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J2.e2k/Dkk−1e2k−2 − k−1ke2k−1
−kC1ke2kC2 − kkC1e2kC3; (2.3a)
where k D 1; : : : ; n, and
J2.e2kC1/Dk−1ke2k−2 − k−1ke2k−1
CkkC1e2kC2 C kkC1e2kC3; (2.3b)
where k D 0; : : : ; n− 1.
Now let us assume that n is even, i.e. n D 2m. We wish to find a vector v such
that J1.v/ D J2.v/. Without loss of generality we may assume that
v D ze1 C xme4m C
m−1X
kD1
.xke4k C yke4kC1/:
In other words, with a little work it is clear that if some vectors v exist satisfying
J1.v/ D J2.v/ then one of these vectors must have this form. Now using Eqs. (2.3a)
and (2.3b), we obtain
J1.v/ D ze2 − xme4m−1 C
m−1X
kD1
.−xke4k−1 C yke4kC2/
and
J2.v/ D z.1e2 C 1e3/C xm".2m−1e4m−2 − 2m−1e4m−1/
C
m−1X
kD1
T.xk2k2k−1 C yk2k−12k/e4k−2
C .−xk2k−12k − yk2k−12k/e4k−1
C .−xk2kC12k C yk2k2kC1/e4kC2
C .−xk2k2kC1 C yk2k2kC1/e4kC3U:
Setting J1.v/ D J2.v/ yields the following system of equations
21x1 C 12y1 D .1− 1/z;
.1− 12/x1 − 12y1 D −1z; (2.4a)
2k2k−1xk C 2k−12kyk D 2k−12k−2xk−1 C .1− 2k−22k−1/yk−1;
.1− 2k−12k/xk − 2k−12kyk D 2k−22k−1xk−1 − 2k−22k−1yk−1;
where k D 1; : : : ;m− 1. In addition, we have
"2m−1xm D 2m−12m−2xm−1 C .1− 2m−22m−1/ym−1;
.1− "2m−1/xm D 2m−22m−1xm−1 − 2m−22m−1ym−1: (2.4b)
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Let us now begin by assuming that 1; : : : ; 2m−1 6D 0. Then the general solution of
Eqs. (2.4a) has the form
xk D −z
2k−1Y
iD1

1C .−1/ii
i

;
(2.5)
yk D z
2kY
iD1

1C .−1/ii
i

;
where k D 1; : : : ;m− 1. To see this, first find x1; y1 from the first two equations in
(2.4a) and then proceed by induction. Now substituting (2.5) into (2.4b) we obtain
"xm D z
2m−1Y
iD1

1C .−1/ii
i

;
(2.6a)
.1− "2m−1/xm D −.1C 2m−1/z
2m−1Y
iD1

1C .−1/ii
i

;
or removing the product formula by combining the two relations above we obtain
xm.1C "/ D 0: (2.6b)
Note that if " D 1 (i.e. same orientation), then Eq. (2.6b) implies that xm D 0, but this
is impossible if 1; : : : ; 2m−1 6D 0. Hence if J1 and J2 have the same orientation
then it is possible that there exists no vector v satisfying J1.v/ D J2.v/. On the other
hand if " D −1 (i.e. opposite orientations), then Eq. (2.6b) simply reduces to an
identity.
Therefore if 1; : : : ; 2m−1 6D 0, the system has the non-zero solution given by
Eq. (2.5) along with
xm D −z
2m−1Y
iD1

1C .−1/ii
i

:
This shows that if n D 2m and if J1 and J2 have opposite orientation then there exists
a non-zero vector v such that J1.v/ D J2.v/.
Now observe that the system given by Eqs. (2.4a) and (2.4b) is a homogeneous
linear system of equations with 2m equations and 2m unknowns: z; x1; y1; : : : ; xm.
Since the system has a non-trivial solution it follows that the determinant of the
system must be zero whenever 1; : : : ; 2m−1 6D 0. By continuity, this determinant
is identically zero. That is, the determinant must also be zero when some i D 0. We
can now conclude that if n D 2m and J1 and J2 are of opposite orientation then there
exists a non-zero vector v such that J1.v/ D J2.v/.
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Likewise if n D 2m and if J1 and J2 have opposite orientation we can prove that
there exists a non-zero vector w such that J1.w/ D −J2.w/ by taking
w D ze1 C xme4m C
m−1X
kD1
.xke4k C yke4kC1/
and setting J1.w/ D −J2.w/ to obtain a system of equations with solution
xk D .−1/k−1z
2k−1Y
iD1

1C i
i

;
where k D 1; : : : ;m, and
yk D .−1/kz
2kY
iD1

1C i
i

;
where k D 1; : : : ;m− 1. This proves Theorem 1 part (i). To prove parts (ii) and (iii)
we apply the same method. If n D 2mC 1 (i.e. V is a of odd complex dimension)
and if 1; : : : ; 2m−1 6D 0, then we let
v D ze1 C
mX
kD1
.xke4k C yke4kC1/
and set J1.v/ D J2.v/ obtaining a system of equations identical to those in Eqs.
(2.4a) with solutions
xk D −z
2k−1Y
iD1

1C .−1/ii
i

;
yk D z
2kY
iD1

1C .−1/ii
i

;
where k D 1; : : : ;m. If n D 2mC 1 and J1 and J2 have opposite orientations then a
non-zero vector
w D ze1 C
mX
kD1
.xke4k C yke4kC1/
exists such that J1.w/ D −J2.w/ with solution
xk D .−1/kC1z
2k−1Y
iD1

1C i
i

;
yk D .−1/kz
2kY
iD1

1C i
i

;
where k D 1; : : : ;m.
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As a final note we observe that the set of complex lines in a Hermitian structure
form a submanifold of the Grassmann manifold of non-oriented two planes. A second
Hermitian structure represents an orthogonal motion on this submanifold inside the
Grassmann manifold. These results can then be interpreted as intersection properties
under such motions.
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